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Wormhole is defined as the topological structure with the throat connecting two asymptotically
flat spaces. In order to have and maintain the structure of the wormhole, there needs the geometrical
flare-out condition, i.e., the minimal size at throat. In the case of Morris-Thorne type wormhole,
the condition is given by the huge surface tension compared to the energy density times the square
of the light speed. In this paper, we re-considered the flare-out condition for the wormhole with the
Einstein equation, checked the finiteness of the pressure, and investigated its physical meaning.
The Lorentzian wormhole consists of two asymptoti-
cally flat spacetimes and the bridge connecting two space-
times [1]. In general, the flatness of two spacetimes
is not necessarily required for constructing wormholes.
There are several examples of the wormhole with non-flat
spacetimes. The examples are the wormholes in de Sit-
ter model [2] or FLRW (Friedmann-Lemaˆıtre-Robertson-
Walker) cosmological model [3]. Among the models of
wormhole spacetime, the Morris-Thorne type wormhole
is widely used for treating the various physical issues of
static wormhole [4–10]. The spacetime is given as [11]
ds2 = e2Φ(r)dt2−
(
1− b(r)
r
)−1
dr2−r2(dθ2+sin2 θdφ2),
(1)
where Φ(r) is the redshift function and b(r) is the worm-
hole shape function. The flare-out condition is more un-
derstandable through the embedding geometry, as shown
in Fig. 1. The embedded spacetime at t = const and
θ = pi/2 is
dS22 =
(
1− b(r)
r
)−1
dr2 + r2dφ2 = dz2 + dr2 + r2dφ2
=
[
1 +
(
dz
dr
)2]
dr2 + r2dφ2. (2)
Here
FIG. 1. The embedded shapes of the wormhole
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dz
dr
= ± 1√
r/b− 1 or
dr
dz
= ±
√
r
b
− 1. (3)
The flare-out condition in geometry is given by the min-
imality of the wormhole throat as
d
dz
(
dr
dz
)
=
b− b′r
2b2
> 0. (4)
It is determined by b, independently of Φ. The most flare-
out conditions have been presented as the minimal size
of throat for clarifying the wormhole structure [12–19].
Hochberg and Visser [19] suggested the ‘simple flare-out
condition’ by adding the equality to the inequality in
Eq. (4). Here, we discuss only the ‘strong flare-out con-
dition’ with the inequality like Eq. (4). The minimality
is reinterpreted as the divergent null rays through throat,
which means the null energy condition violation from the
Raychaudhuri equation [11]. This flare-out condition can
be rewritten in terms of wormhole matter. The Einstein
equation is
ρ =
b′
8pir2
, (5)
τ =
b/r − 2(r − b)Φ′
8pir2
, (6)
P =
r
2
[(ρ− τ)Φ′ − τ ′]− τ, (7)
where ρ is the energy density, τ is the surface tension,
and P is the pressure. Here, the function ρ is determined
by b(r), while τ is determined by b(r) and Φ′(r). We can
rewrite P in terms of b and Φ as
P =
1
8pir
[
(r − b)
(
Φ′′ + (Φ′)2 +
Φ′
r
)
−
(
b′r − b
2r
)(
Φ′ +
1
r
)]
. (8)
If we write Φ′ in terms of τ and b, it becomes as
Φ′ =
b− 8pir3τ
2r(r − b) (9)
from Eq. (6). Usually the exoticity function ζ is used for
the flare-out condition as
ζ ≡ τ − ρ|ρ| =
b/r − b′ − 2(r − b)Φ′
|b′|
=
2b2
r|b′|
(
d2r
dz2
)
− 2(r − b)Φ
′
|b′| . (10)
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In the Morris-Thorne paper [11], the function ζ has the
same sign as the first term of Eq. (10), since the second
term vanishes at or near throat r = b, so that the flare-
out condition is replaced by [11, 20]
ζ =
τ − ρ
|ρ| > 0 (11)
at or near the throat as the flare-out condition in matter.
Generally, the term (τ−ρ) near or at throat is determined
by b only, as we see in Eqs. (4) and (10). Here Φ′ does not
affect the value of (τ − ρ) near or at throat. Thus it was
claimed that the wormhole should have the large surface
tension compared to the energy density to maintain the
structure. This condition seems be plausible physically.
This violates the weak energy condition and sometimes
violates the ‘averaged’ weak energy condition to minimize
the use of exotic matter [11].
However, it seems that the flare-out condition Eq. (11)
cannot be accepted generally, because the prerequisite
for it is
lim
r→b
(r − b)Φ′ = 0 (12)
which is guaranteed only for special value of τ . As we see
in Eq. (9), Φ′ has the 1/(r− b) term which might cancel
the (r − b) factor of second term in Eq. (10) so that the
limiting value of the term becomes non-zero. If it is not
zero, Φ′ diverges in the limit of r → b, still maintaining
the continuity of Φ. Apparently, it cannot be certain that
the flare-out condition Eq. (11) is the same as Eq. (4).
Now we should check the unused Einstein equation for
P , Eq. (7), whether the condition for Φ′ Eq. (12) is ac-
ceptable or not. The equation is useful for checking the
finiteness of P in the limit of r → b. We will consider
this problem by analyzing the term in the following two
cases: limr→b(r − b)Φ′ = 0 and limr→b(r − b)Φ′ 6= 0.
In the first case, limr→b(r− b)Φ′ = 0, we can set Φ′ as
(r − b)Φ′ = (r − b)kA(r), k ≥ 1 (13)
with finite (including zero) A(r) in this limit. The tension
τ is given as
τ =
b
8pir3
− (r − b)
k
4pir2
A(r). (14)
Then Φ′ and Φ′′ are
Φ′ = (r − b)k−1A(r), (15)
Φ′′ = (k − 1)(r − b)k−2A(r) + (r − b)k−1A′(r) (16)
= (r − b)k−1
[
k − 1
r − b A(r) +A
′(r)
]
. (17)
In the limit of r → b, Φ′ and Φ′′ are finite for any k ≥
1. As we see Eq. (14), τ has the finite value b/8pir3 in
the limit. We should check for the finiteness of P at
throat through the Einstein equation Eq. (7). By using
the values of Φ′ and Φ′′, we can show that P will be finite
for all values of k ≥ 1. When k = 1,
Φ′ = A(r), Φ′′ = A′(r), τ =
b
8pir3
− r − b
4pir2
A(r). (18)
In the second case, limr→b(r − b)Φ′ 6= 0, Φ′ can be
rewritten as
Φ′ =
B(r)
r − b , (19)
where B(r) = (b − 8pir3τ)/2r and has non-zero finite
value in the limit. Then
τ =
b
8pir3
− B(r)
4pir2
(20)
and
Φ′ =
B
r − b , (21)
Φ′′ =
B′
r − b −
(1− b′)B
(r − b)2 . (22)
In the limit of r → b, Φ′ and Φ′′ are not finite, while τ is
finite in Eq. (20). To check the finiteness of P , we should
examine the Einstein equation Eq. (7) with Eq. (21) and
Eq. (22) as
P =
1
8pir
[
B′ +
B
r
− b
′r − b
2r2
+
B
(r − b)
(
B − (1− b′)− b
′r − b
2r
)]
. (23)
There are two possible conditions for finite P , which can
be obtained by vanishing the term including (r− b)−1 in
Eq. (23). One condition for finite P in the limit is
B −
(
1− b′ + b
′r − b
2r
)
= 0 (24)
and another one is
B −
(
1− b′ + b
′r − b
2r
)
= (r − b)`C(r), ` ≥ 1 (25)
where C(r) is finite function of r in the limit. However,
the first condition Eq. (24) is unacceptable since it gives
rise to the black-hole–like solution which should be ex-
cluded in treating the wormhole issues. In this condition
Eq. (24), Φ and gtt become
Φ = ln
(
r
√
1− b
r
)
or e2Φ = r2
(
1− b
r
)
, (26)
which shows the event horizon. The second condition
Eq. (25) make gtt as
e2Φ = r2
(
1− b
r
)
e2
∫
(r−b)`−1C(r)dr (27)
2
with given ` and C(r). The special example as ` = 1 and
C(r) = 1 shows
e2Φ = r2
(
1− b
r
)
e2r (28)
which does not change the nature of event horizon. Any
` ≥ 1 and non-zero finite C(r) in Eq. (27) cannot cancel
the term (1− b/r). Thus Φ given as Eq. (25) cannot be
acceptable as the regular redshift function. When the
nonzero value of lim(r − b)Φ′ diverges, that is, limB(r)
diverges, then B(r) has ln(r − b) or (r − b)−m,m ≥ 1
containing term. With these values of B, P also diverges
in the limit. The results show that we cannot find finite
P in the second case, lim(r− b)Φ′ 6= 0. Thus this second
case is not allowed for defining the flare-out condition of
the Morris-Thorne wormhole.
Therefore, we conclude that the flare-out condition
which guarantees the finiteness Φ′ and other physi-
cal quantities at throat is come from the condition of
lim(r− b)Φ′ = 0 only. The condition Eq. (11) is equal to
the condition Eq. (4).
To examine the problem in more practical way, we will
consider the properties of Φ(r) and Φ′(r), and re-derive
the flare-out condition in case of the power-law distribu-
tions of ρ and b.
Now we check the properties of Φ and Φ′. There are
some restrictions on the redshift function Φ to prevent
any event horizon. Since there are no event horizon, Φ
must be everywhere finite [11]. On account of the asymp-
totically flatness of the wormhole, lim`→±∞ Φ(`) = Φ±.
And Φ is continuous across the throat, i.e., Φ+(r0) =
Φ−(r0). The condition of Φ′ is [21]
Φ′+(r0) = Φ
′
−(r0), (29)
which is derived from the condition Eq. (12). In this
condition, Φ do not allow any divergencies in the limit.
As an alternative way, we treat the flare-out condition
of the Morris-Thorne wormhole in the case of the power-
law distribution of matter. If the energy density ρ is
given by
ρ = ρ0
(
r
r0
)n
, (30)
the condition Eq. (4) becomes n < −2. Meanwhile, if the
shape function is given as b = b0(r/r0)
q instead of ρ, the
condition is
d
dr
(
b
r
)
< 0, (31)
or q < 1. This two power indices n and q have the re-
lationship of q = 3 + n. Therefore, we can say that the
flare-out condition is n < −2 for ρ = ρ0(r/r0)n, neces-
sarily. If we do not know the detailed form of Φ′, we
can’t decide τ(r), since the tension τ is determined by Φ′
and b. The flare-out condition is determined by b and b′,
that is, ρ(r) can decide the condition, such as n < −2.
The tension τ does not play direct role in presenting the
flare-out condition. If Φ′ is restricted in some regions, τ
can be restricted.
In the special simplest case, Φ = 0, b = b20/r, Einstein
equation is
ρ =
b′
8pir2
= − b
2
0
8pir4
< 0. (32)
Since n = −4 < −2 here, this distribution of matter
satisfies the flare-out condition. The geometric flare-out
condition Eq. (4) is
b− b′r
2b2
=
r
b20
=
1
b
> 0. (33)
It automatically satisfies the flare-out condition except
the requirement of negative energy density. The other
matter terms are
τ =
b
8pir3
=
b20
8pir4
> 0, (34)
P =
r
2
(−τ ′)− τ = b
2
0
8pir4
= τ. (35)
There are other models for wormhole using exotic mat-
ter. We will check what the flare-out condition is for each
cases.
For the delta function type wormhole, the minimality
is trivial. Since the matters are given as the negative
value
σ = − 1
2pib
, ϑ = − 1
4pib
, (36)
the flare-out condition is
d2r
dz2
=
b− b′r
2b2
=
1
2b
> 0.
The delta function-type wormhole also satisfies the flare-
out condition. Similarly, the thin-shell models also satisfy
the condition.
To summarize, we reconsidered the flare-out condition
of the wormhole. The flare-out condition is given by the
energy density only, since the shape function is deter-
mined by the energy density. The shape function has the
relationship with tension and Φ′. However, the finiteness
of P restrict the value of Φ′ in the limit of r → b for
the case of Morris-Thorne wormhole. This shows that
the high tension flare-out condition is reasonable and ac-
ceptable without any flaw. Also this condition can be
replaced by the condition of the power indices for power-
law model.
We deeply feel thanks to Prof. F. Lobo for helpful
discussions. This research was supported by Basic Sci-
ence Research Program through the National Research
Foundation of Korea (NRF) funded by the Ministry of
Education, Science and Technology (2010-0013054).
3
[1] M. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(Freeman, 1972)
[2] T. Roman, Phys. Rev. D. 47, 262 (1992).
[3] Sung-Won Kim, Phys. Rev. D. 53, 6889 (1996).
[4] F. S. N. Lobo and J. P. Mimoso, Phys. Rev. D. 82, 044034
(2010).
[5] R. A. Konoplya and A. Zhidenko, Phys. Rev. D. 81,
124036 (2010).
[6] P. K. F. Kuhfittig, Phys. Rev. D. 71, 104007 (2005).
[7] J. P. S. Lemos and F. S. N. Lobo and S. Q. de Oliveira,
Phys. Rev. D. 68, 064004 (2003).
[8] H. Shinkai and S. A. Hayward, Phys. Rev. D. 66, 044005
(2002).
[9] S. A. Hayward and Sung-Won Kim and Hyunjoo Lee”,
Phys. Rev. D. 65, 064003 (2002).
[10] W. Hasse and V. Perlick, Gen. Relativ. Grav. 34, 415
(2002).
[11] M. Morris and K. S. Thorne, Am. J. Phys. 56, 395 (1988).
[12] E. F. Eiroa and C. Simeone, Phys. Rev. D. 82, 084039
(2010).
[13] J. P. de Leon, J. Cos. Astro. Phys. 11, 013 (2009).
[14] S. A. Hayward, Phys. Rev. D. 79, 124001 (2009).
[15] M. Jamil and M. U. Farooq and M. A. Rashid, Eur. Phys.
J. C. 59, 907 (2009).
[16] R. Garattini and F. S. N. Lobo, Class. Quantum Grav.
24, 2401 (2007).
[17] P. K. Kuhfittig, Phys. Rev. D. 68, 067502 (2003).
[18] D. Hochberg and C. Molina-Paris and M. Visser, Phys.
Rev. D. 59, 044011 (1999).
[19] D. Hochberg and M. Visser, Phys. Rev. D. 58, 044021
(1998).
[20] M. Morris and K. S. Thorne and U. Yurtsever, Phys. Rev.
Lett. 94, 262 (1988).
[21] M. Visser, Lorentzian Wormholes (AIP Press, 1982).
4
